It is of course not possible or necessary to present a comprehensive review of the electronic structure of rare earth metals. The reviews by Dimmock [I] and Freeman [2] are well known. In addition a new review by Liu [3] gives more recent results and emphasizes topics like optical and photoemission measurements which were not given detailed treatment in the earlier reviews. This paper will therefore focus on the directions taken by the most recent band theory calculations. In order to place these new calculations in proper perspective some brief historical remarks are first given. Then the fundamental problem of how to treat the 4f bands and their interactions with the conduction electrons is discussed. This problem was particularly evident in Professor Levy's talk and is also the central problem in understanding valence fluctuations. As will become evident in this paper it is also the major remaining problem in obtaining an accurate description of the electronic ground state for the rare earth metals.
In the beginning one of the most fruitful descriptions for the electronic structure of the rare earths was the free electron model. Without worrying about the complications of d electrons, theorists quickly established many of the basic ideas which still govern our view of the interactions in these metals. RKKY theory, superzones, the temperature dependence of the ordering wavevector, and the excess conduction electron magnetic moment are all ideas which belong to this early era in which the limited number of precise experiments (mostly neutron diffraction) did not seriously challenge the over simplified model.
In 1964 Dimmock and Freeman [4] published the first bandstructure of a rare earth metal and demonstrated the transition metal character of the bands. This first calculation was non-self-consistent, non-relativistic, and non-spin-polarized. Nevertheless the general shape of the bands is surprisingly little affected by improved approximations. Typical of the early calculations the 4f levels were ignored as much as possible. A short time later Loucks developed the relativistic APW method and soon published the Keeton the relativistic bandstructure of a number of rare earths [5] . Two immediately noticeable effects caused by relativity are the net lowering of the s band relative to the d bands and the addition of spin-orbit coupling which removes most of the band crossings.
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These early calculations did show that as one went across the rare earth series the d bands rise in energy relative to the s-p band. Recently Duthie and Pettifor were able to be more quantitative and showed that the number of d-like electrons decreases from about 2.5 in La to 1.9 in Lu [6] . They managed to correlate the dhcp 4 Sm hcp structural change along the series with this change in d band occupancy. This trend is discussed by Delley et a/. in this conference and in a recent publication dealing with the electrical resistivity of liquid rare earth metals [7] .
We had to wait 10 years after these initial calculations for precise experiments like the de Haasvan Alphen measurements of Young [8] to challenge the theory. Before this there were several experiments which did not require the high purity electrotransported samples and which did substantiate the general features of the theoretical calculations.
One of the first of these less precise type experiments was the measurement of the position annihilation spectrum by Williams and Mackintosh [9] . In comparing theory with these experiments Loucks was one of the first investigators to use good electron and positron wavefunctions to compute the necessary matrix elements [lo] . This study gave convincing evidence that the free electron model was inadequate and that the APW calculations were correct in showing the importance of the d bands. Another experiment of this less precise type which was performed just recently involved the measurement of the induced magnetic from factor of Lu metal using neutron diffraction [ll] . The application of a strong magnetic field splits the bands slightly and the Fourier transform of the uncompensated spin up density for states near the Fermi level can be measured. The RAPW calculations performed in corroboration with the experiment were very dramatic in showing the anisotropic and spread out character of the d like conduction electrons compared with the more tightly bound 5d electrons from an atomic calculation. The agreement between experiment and the spin only theoretical form factor was in fact too good, and the authors questioned the quality of the band wavefunctions from their non-self-consistent calculation. They are presently making the calculation self-consistent to see if presence of an expected orbital contribution can be ascertained.
Before discussing the results of the dHvA measurements on gadolinium let us turn to the problem of treating the 4f levels in a self-consistent manner. An example of the kinds of problems one encounters is demonstrated in Yb where the complications of a magnetic ground state are not present. Using the traditional Slater approximation for exchange and correlation Johansen and Mackintosh [12] calculated the non-self-consistent band structure of fcc Yb. The spin-orbit split 4f bands were found 0.2 and 0.3 Ry below the Fermi level and therefore had little influence on the states near E,. However rather than finding fcc Yb to be a semimetal they found a small gap. The situation is quite different for the self-consistent calculation performed by Koelling [13] which is shown in figure 1. Koelling used the form of the approximate exchange correlation potential given by Hedin and Lundquist [4] since it involves no adjustable parameters and has been found to work well in self-consistent calculation for various transition metals [15] . One sees immediately that the 4f levels have moved close to the Fermi level and that with the addition of spin-orbit coupling (which Koelling dropped in these preliminary calculations) the 4f bands will have some direct influence on the conduction bands states near EF. One also sees that the band structure now exhibits a semimetal character (the electron pocket needed to compensate the hole pocket shown in located on an off symmetry position of the zone). Questions naturally arise as to the accuracy of these calculations and the actual extent to which the 4f states influence the conduction bandstat E,. The answers to these questions await the completion of dHvA measurements on fcc samples. The importance of 4f levels in self-consistent calculations was also clearly demonstrated for La and Ce by the work of Glotzel reported at this conference and in a recent publication [16] . An interesting aspect of this study was the apparent Mott like behavior of the 4f band in Ce as a function of lattice spacing. Glotzel also found the 4f bands made a substantial contribution to the cohesive energy. However this contribution was overestimated, which probably indicates the inadequacy of the local density approximation for exchange and correlation. It would be helpful in understanding this work if more details of the bandstructure were published.
In calculating the bandstructure for the magnetic rare earths the effects of self-consistency can be important. Figure 2 self-consistent calculation for Gd [17] . The solid curves are the spin up bands. The important point to note is the s-band splitting is much smaller than the d-band splitting. We can understand this from figure 3 where it is obvious that the d-4f overlap and hence exchange interaction is much larger than the s-4f overlap. However in a self-consistent calculation one finds the s-band splitting is increased. This is because the d-states which have a net polarization from the 4fs act in turn on the s-states and cause a substantial s-polarization. One should also note that the occupied d states in the rare earths are at the bottom of the d bands and are therefore quite spread out spatially compared to the 3d states in Fe, Co or Ni. The importance of accurately describing the 4f-conduction electron coupling is nicely illustrated in the experiment of Legvold et al. [18] shown in figure 4 . This shows the reduction of the superconducting transition temperature of La by the addition of dilute amounts of Gd and Eu. Now both Gd and Eu have seven unpaired 4f electrons and hence the same magnetic moment. However the 5d-4f exchange integral for Eu is only 0.7 times that for Gd 1181, and since this integral is squared to get the suppression of T,, the factor of two difference in slopes is accounted for. In the remaining part of this paper the problem of calculating the magnetic ground state for gadolinium will be treated in detail [19] . Gadolinium is a natural choice because of the simplifications resulting from a spherical 4f shell and the amount of precise experimental data available. The first difficulty one encounters is the necessity of including relativistic effects and the incompatible desire to keep spin as a good quantum number for describing the RussellSaunders-like 4f shell and the exchange polarization of the conduction electrons. For systems like Gd where the exchange interaction is much larger than the spin-orbit coupling we have developed a technique for performing relativistic spin polarized calculations which treats the spin-orbit interaction as a perturbation on the self-consistent exchange split bands [20] . This technique together with the local spin-density approximation for exchange and correlation [21, 221 gives an atomic 4f spin form factor in excellent agreement with experiment 1231 and with mixed configuration Dirac-Fock calculations [24] . The situation when this technique is applied to the solid is quite different.
The spin up bandstructure is quite straight forward. atoms per unit cell and 7 electrons per atom). The corresponding density of states is shown in figure 6 . The Fermi level is drawn at the position resulting from the self-consistent calculation, but as were shall see, E, needs to be shifted upward by about 7 mRy to get agreement with the dHvA measurements and the electronic specific heat measurement. The spin down bands shown in figure 7 are where the interesting problems arise. There are 14 bands in the shaded region just above E,. Because of hybridization this results in approximately 0.03 4f spin down electrons per site and an extremely large density of states at the Fermi level. Both results are unphysical and indicate the atomic-like correlation within the 4f shell is not being handled properly by the local spin density formalism. we have not yet added spin orbit coupling so it is premature to attempt positive assignments of the small orbits. The larger orbits can be assigned accurately and agree with Young's original interpretation. In figure 9 we show only the belly and neck orbits for the band 3 spin up surface. The solid curves show the experiment [28] The wavefunctions from such calculations are probably accurate enough at the present time to make reliable estimates of the various 4f-conduction electron interactions which lead to the different transport anisotropies reported at this conference. The ground state for systems exhibiting valence fluctuations is a more difficult problem from the traditional band structure approach which does not treat the atomic like correlation of the localized 4f shells properly. Future work will undoubtedly attempt to correct this deficiency. Any new models or techniques will be greatly aided by the careful experiments now becoming available on pure rare earth samples. 
NECK
The long awaited first dHvA measurements for a rare earth metal were made on Gd in 1974 [8] and for as occurring along r to K in the spin down bands. Fig. 9 . -dHvA frequencies for Gd.
Because of the present position of the 4f down bands
